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Abstract --A ferromagnetic Josephson junction with a spin-flipper (magnetic impurity) sandwiched
in-between acts as a phase battery that can store quantized amounts of superconducting phase
difference ϕ0 in the ground state of the junction. Moreover, for such ϕ0-Josephson junction
anomalous Josephson current appears at zero phase difference. We study the properties of this
quantum spin-flip scattering induced anomalous Josephson current, especially its tun-ability via
misorientation angle between two Ferromagnets.
Introduction. -- Josephson Free energy, in general,
is minimum when phase difference across the Josephson
junction is either zero for 0-junction or pi for a pi-junction
[1]. In such junctions, Josephson super-current vanishes
when phase difference between two superconductors is zero
as current-phase relation is sinusoidal I(ϕ) = Ic sin(ϕ),
with ϕ being the phase difference across superconductors
and |Ic| is the maximum supercurrent flowing through the
junction [1]. However, Josephson Free energy can some-
times be minimum at a phase difference ϕ0 ( 6= 0 or pi).
The current-phase relation in such ϕ0- Josephson junc-
tion’s [10--12] satisfies I(ϕ) = Ic sin(ϕ+ ϕ0), i.e., there is
a phase shift ϕ0 in the conventional current-phase relation.
This suggests that Josephson current can flow even at zero
phase difference (ϕ = 0) between two superconducting elec-
trodes [5--9]. This effect is known as anomalous Josephson
effect (AJE), and Ian = I(0) = Ic sin(ϕ0) is referred to as
anomalous Josephson current.
The physics behind anomalous Josephson effect is natu-
rally linked with breaking of some symmetries of the system
[10, 11]. One of them is time reversal symmetry and it
implies I(−ϕ) = −I(ϕ), which results in I(ϕ = 0) being
zero. So, when system preserves time reversal symmetry
there is no anomalous current in the device. However,
breaking time reversal symmetry is a necessary but not suf-
ficient condition to produce anomalous Josephson current
at ϕ = 0. In junctions with ferromagnetic coupling time
reversal symmetry is broken, but there is no anomalous
Josephson current [12,13]. This implies some other symme-
try is present in the system which prevents the appearance
of anomalous Josephson current at ϕ = 0. This symmetry
is called chiral symmetry [14] which ensures that at ϕ = 0
the tunneling amplitude relating electron tunneling from
left superconductor to right superconductor is exactly same
as the one related to tunneling in reverse, i.e., from right to
left superconductor. These leftward and rightward tunnel-
ing processes cancel each other, leading to vanishing current
flow at ϕ = 0. Thus, to have anomalous Josephson current
at ϕ = 0, one needs to break both symmetries. Different
ways have been suggested earlier to break these symme-
tries and generate anomalous Josephson current. These
include Josephson junctions with conventional s-wave su-
perconductors in presence of both spin-orbit interaction
and Zeeman field [13, 16], ferromagnetic Josephson junc-
tions with non-coplanar magnetizations [7], SNS junctions
with s-wave superconductors where N region is a magnetic
normal metal [17--19], a quantum dot [20,21] or a quantum
point contact [22,23]. Further, anomalous Josephson effect
can also be found in systems with unconventional supercon-
ductors [24--28]. Experimentally, ϕ0 phase shift has been
recently predicted in a Josephson junction based nanowire
quantum dot [29]. More interestingly some Josephson junc-
tions reveal the remarkable feature that the phase shift ϕ0
is accompanied by a direction dependent critical current
(Ic+ 6= Ic−), where Ic+ and Ic− are the absolute values of
maximum and minimum Josephson current respectively.
In this work we study anomalous Josephson effect and
the direction dependent critical current in a junction con-
sisting of two Ferromagnet’s with mis-aligned magnetiza-
tions and a spin-flipper sandwiched between two s-wave
superconductors. This system acts as a quantized phase
battery which can supply anomalous current even at zero
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phase difference. The main advantage of our system over
all other proposals involving anomalous Josephson current
is that our system can store quantized amounts of phase
ϕ0 in the ground state of junction. The reason we are
interested in ϕ0 Josephson junction is because of the man-
ifold applications of such junctions in phase qubits [30],
superconducting computer memory components [31], super-
conducting phase batteries [32] and in rectifiers [23]. Our
manuscript is organized as follows: in the next section we
present the model Hamiltonian and explain the steps nec-
essary to calculate the Josephson current. Following this
we discuss our results for the Andreev bound states and
anomalous Josephson currents, symmetries broken in our
system when anomalous current flows through the junction
and plot the quantized anomalous phase. We next discuss
effect of change of temperature on anomalous Josephson
effect. Finally, we conclude with an experimental realiza-
tion and summary of our work wherein we provide a table
on condition necessary for seeing Anomalous Josephson
effect in our setup.
Theory. --
Hamiltonian. Our set-up is depicted in Fig. 1, it
shows a spin-flipper at x = 0 and two superconductors-
one to left x < −a/2 and another at right x > a/2.
There are two Ferromagnet’s in between at −a/2 <
x < 0 and 0 < x < a/2. The magnetization vec-
tors of the two Ferromagnet’s make an angle θ with
each other. We take the superconducting gap of the
form ∆ = ∆0(T )[e
iϕLΘ(−x − a/2) + eiϕRΘ(x − a/2)],
where ∆0(T ) is temperature dependent and it follows that
∆0(T ) = ∆0 tanh(1.74
√
(Tc/T − 1)), where Tc- the su-
perconducting critical temperature [1] for a widely used
s-wave superconductor like lead is 7.2K, ϕL and ϕR being
superconducting phases for left and right superconductors
respectively. The Bogoliubov-de Gennes equation for our
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Fig. 1: Josephson junction with two Ferromagnet’s and a spin-
flipper (spin S, magnetic moment m′) at x = 0 sandwiched
between two s-wave superconductors.
junction is [2]-(
HIˆ i∆σˆy
−i∆∗σˆy −H∗Iˆ
)
ψ(x) = Eψ(x), (1)
whereH = p2/2m?+V [δ(x+a/2)+δ(x−a/2)]−J0δ(x)~s.~S−
~h.σˆ[Θ(x + a/2) + Θ(a/2 − x)] − EF , with p2/2m? being
the kinetic energy of electron with mass m?, V denotes the
strength of δ potentials at the interfaces between Ferromag-
net’s and Superconductor, J0 denotes strength of exchange
coupling between electron/hole with spin ~s and spin-flipper
[3, 5] with spin ~S. ψ(x) defines a four-component spinor,
while EF is the Fermi energy, σˆ’s are Pauli spin matri-
ces and Iˆ is 2 × 2 identity matrix. The magnetization
vector (~h) of left ferromagnetic layer (F1) is at an angle
θ with z axis in the y − z plane, while that of right fer-
romagnetic layer (F2) is fixed along the z axis. Thus,
~h.σˆ = h sin θσˆy + h cos θσˆz [4]. In the rest of the paper, we
use the dimensionless parameters J = m
?J0
~2kF as a measure
of strength of exchange interaction [6] and Z = m
?V
~2kF as a
measure of interface transparency [7]. The wavefunctions,
boundary conditions of our system as depicted in Fig. 1 and
the calculations of Andreev bound states are mentioned in
supplementary material.
Anomalous Josephson current. On solving the
boundary conditions, see supplementary material, we get
the Andreev bound state energy spectrum [8] Ei(i =
1, ..., 8) = ±εl(l = 1, ..., 4). From Andreev bound state
energies the Free energy of our junction can be calculated
[1] as-
F = − 1
β
ln
[∏
i
(1 + e−βEi)
]
= − 2
β
4∑
l=1
ln
[
2 cosh
(βεl
2
)]
(2)
where Ei(i = 1, ..., 8) = ±εl(l = 1, ..., 4) defines Andreev
bound state energy spectrum. In short junction limit
considered in this paper, total Josephson current can be de-
termined by bound state contribution only. The Josephson
current at finite temperature is defined as the derivative of
the Free energy F of our system with respect to the phase
difference ϕ between left and right superconductors [9],
I =
2e
~
∂F
∂ϕ
= −2e
~
4∑
l=1
tanh
(βεl
2
)∂εl
∂ϕ
, (3)
herein e is the charge of electron. Eq. 16 is the main
working formula of our paper. Using Eq. 16 we calculate
anomalous Josephson current, as- Ian = I(ϕ = 0), absolute
value of maximum Josephson current, as- Ic+ = |max I(ϕ)|
and absolute value of minimum Josephson current, as-
Ic− = |min I(ϕ)|. In case interfaces are completely trans-
parent, i.e., Z = 0, we have-
Ian =
2e∆20(T )
~
(
tanh
(βA1
2
)
A′1 + tanh
(βA2
2
)
A′2
+ tanh
(βA3
2
)
A′3 + tanh
(βA4
2
)
A′4
) (4)
wherein A1, A2, A3, A4, A
′
1, A
′
2, A
′
3 and A
′
4 are expressions
that depend on exchange interaction (J), magnetization
of the Ferromagnet’s, spin (S) and magnetic moment (m′)
of spin-flipper, phase (kFa) accumulated in Ferromagnet’s
and spin-flip probability (f2). The explicit forms for Ak’s
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and A′k’s (k = 1, 2, 3, 4) are given in Appendix of supple-
mentary material. In Appendix of supplementary material
we show that for no flip (f2 = 0) or absence of spin-flipper
(J = 0) or θ = 0 (magnetizations of Ferromagnet’s are
aligned), anomalous Josephson current vanishes.
Results. --
Anomalous Josephson current and Andreev
bound states. In this subsection, we first show results
for Andreev bound states and Josephson currents of our
junction. In Fig. 2 we plot Andreev bound states and
Josephson current as a function of phase difference ϕ be-
tween two superconductors for both no flip and spin flip
cases. In Fig. 2(a) we deal with the no flip case, i.e., f2 = 0
(see section I. C in supplementary material), in this case
S = m′, i.e., S = 3/2, m′ = 3/2, where m′ is the spin mag-
netic moment in z− direction for the spin-flipper defined
as Szφ
S
m′ = m
′φSm′ , Sz being spin-operator in z-direction
acting on spin flipper wave function φSm′ . There is no possi-
bility for spin-flipper to flip its own spin while interacting
with an electron/hole if S = m′, for an explanation see
section I. C of supplementary material. However, there
is a finite probability for the spin of electron or hole to
flip due to the misalignment in the magnetization of the
Ferromagnet’s. We see that there are four positive and
four negative Andreev levels. In junction where time rever-
sal symmetry is not broken, Andreev bound states εl(ϕ)
are invariant with respect to inversion of phase difference
ϕ, i.e., εl(−ϕ) = εl(ϕ). As a result, in Fig. 2(c), for no
flip case Josephson current satisfies I(−ϕ) = −I(ϕ) and
there is no current flowing through the junction when
phase difference ϕ between two superconductors is zero.
Thus, absolute value of maximum Josephson current, Ic+
is identical to absolute value of minimum Josephson cur-
rent, Ic−. In Fig. 2(b) we deal with spin-flip case, i.e.,
f2 6= 0 (see section I. C in supplementary material), for
this case S 6= m′, i.e., S = 3/2, m′ = −1/2, for spin-flipper.
Thus, there is finite probability for spin-flipper to flip its
own spin when interacting with electron/hole. We see
that for m′ = −1/2, Andreev levels are doubly degenerate
and phase inversion symmetry, i.e., εl(−ϕ) = εl(ϕ) is bro-
ken. As a result, anomalous Josephson current flows, i.e.,
I(−ϕ) 6= −I(ϕ) for spin-flip process in Fig. 2(c), where
not only the anomalous current I(ϕ = 0) 6= 0, but also
difference between the absolute value of maximum and
absolute value of minimum Josephson currents, Ic+ 6= Ic−
is finite.
In Fig. 3 we show the effects of exchange interaction
(J) of spin-flipper, magnetization of Ferromagnet’s (h),
interface transparency (Z) and mis-orientation angle (θ)
between two ferromagnetic layers on the anomalous Joseph-
son current. In Fig. 3(a) we plot anomalous Josephson
current as a function of exchange interaction J of spin
flipper for different spin-flip probabilities. We see that for
ferromagnetic coupling (J > 0) there is no sign change
of anomalous Josephson current with change in J . How-
ever, for anti-ferromagnetic coupling (J < 0) there is a
sign change in Ian as J changes from J = 0 to J = −4,
implying tun-ability of the sign of anomalous Josephson
current via the exchange interaction of spin flipper. We
also see that anomalous Josephson current is asymmetric
with respect to J . Further, the maximum value of Ian
decreases with increase of spin flip probability of spin flip-
per. In Fig. 3(b) we plot anomalous Josephson current
as a function of magnetization (h) of the ferromagnetic
layers. In contrast to Fig. 3(a), anomalous Josephson cur-
rent is symmetric with respect to magnetization h of the
Ferromagnet’s. In Fig. 3(c) we plot Ian as a function of
interface barrier strength (Z). We see that there is no sign
change of Ian with increase of interface barrier strength Z.
Further, anomalous Josephson current is almost zero in
the tunneling regime. It is also evident from Fig. 3(b) and
Fig. 3(c) that maximum of Ian decreases for large values
of spin flip probability. In Fig. 3(d) Ian is plotted as a
function of mis-orientation angle (θ) between two ferro-
magnetic layers. We see that the magnitude of anomalous
current decreases with increasing spin-flip probability. Fur-
ther, one can see that sign of anomalous Josephson current
can be tuned via the mis-orientation angle θ between two
Ferromagnet’s. Anomalous current is periodic as function
of mis-orientation angle with period 2pi. From Fig. 3(d) we
also see that when the magnetic moments of the Ferromag-
net’s are aligned parallel or anti-parallel (θ = 0 or θ = pi),
anomalous Josephson current vanishes even when spin flip-
per flips its spin. In supplementary material (section I. D)
we plot absolute value of the anomalous Josephson current
as function of the mis-orientation angle (θ) between two
Ferromagnets for same parameters as in Fig. 3(d).
Quantized anomalous phase. We have seen the
results of Andreev bound states and Anomalous Josephson
current in Figs. 2 and 3. Now we discuss the results for
anomalous phase ϕ0 (see section I. D in supplementary
material for the method to calculate ϕ0). In Fig. 4 we plot
anomalous phase ϕ0 as a function of exchange interaction
J of spin flipper and magnetization h of the Ferromagnet’s.
In Fig. 4(a) we see “quantized” steps in the anomalous
phase ϕ0 which are of exactly same magnitude (pi/100 radi-
ans) although the width linearly decreases as one goes from
anti-ferromagnetic to ferromagnetic coupling. In our work
anomalous current is always accompanied by quantized
anomalous phase. We never see anomalous current with
non quantized anomalous phase. In Fig. 4(b) anomalous
phase ϕ0 is shown as a function of the normalized magneti-
zation h/EF of the Ferromagnet’s. Similar to Fig. 4(a), we
also see quantized steps in anomalous phase ϕ0 which are
again exactly of same magnitude (pi/100 radians) although
the width initially decreases and then increases as one
changes h/EF from −0.99 to 0 and then from 0 to 0.99.
The quantized step magnitude or height remains same for
different values of spin, magnetic moment and different
spin flip probability of spin flipper. Quantized behavior of
ϕ0 is also shown in Fig. 4(c), where we show density plot of
ϕ0 as a function of J and h. It is also evident from Fig. 4(c)
p-3
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Fig. 2: Andreev bound state energies as a function of phase difference (ϕ) (a) for no flip, (b) for flip. (c) Josephson current as a
function of phase difference (ϕ). Parameters are ∆0 = 1meV , J = 1, h = 0.5EF , I0 = e∆0/~, T/Tc = 0.01, Z = 0, kF a = 1.2pi,
θ = pi/2, for flip: S = 3/2, m′ = −1/2, f2 = 2, and for no flip: S = 3/2, m′ = 3/2, f2 = 0.
f2=1 (S=1/2,m'=-1/2)
f2=2 (S=3/2,m'=-1/2)
f2=3 (S=5/2,m'=-1/2)
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Fig. 3: (a) Anomalous Josephson current as a function of
exchange interaction J of spin flipper, (b) Anomalous Josephson
current as a function of magnetization (h) of the Ferromagnet’s,
(c) Anomalous Josephson current as a function of the interface
barrier strength (Z), (d) Anomalous Josephson current as a
function of mis-orientation angle (θ) between two Ferromagnets’
for different spin flip probabilities of spin flipper. Parameters
are ∆0 = 1meV , I0 = e∆0/~, T/Tc = 0.01, J = 1 (for (b),
(c) and (d)), h = 0.5EF (for (a), (d)), h = 0.8EF (for (c)),
kF a = pi, Z = 0 (for (a), (b) and (d)), θ = pi/2 (for (a), (b) and
(c)).
larger values of exchange interaction and magnetization
correspond to increasing magnitudes of anomalous phase
ϕ0. In Ref. [13], anomalous Josephson current is seen in
a semiconducting nanowire based junction in presence of
both spin-orbit interaction (SO) and Zeeman field, which
is equivalent to what we see for finite spin flip probability
in our system without any need for spin orbit scattering
and/or Zeeman fields. However, in Ref. [13] anomalous
phase ϕ0 changes continuously with change in magnetic
field and is not quantized in contrast to what is shown in
this work.
Finally, in Fig. 5 we perform a similar analysis for the
asymmetry of the critical current, defined as [14] ℵ =
(Ic+−Ic−)/(Ic+ +Ic−). In Fig. 5(a) we plot ℵ as a function
of the exchange interaction J and see that maximum value
of ℵ almost remains same for different spin flip probabilities.
Further, it is also evident from Fig. 5(a), the sign of ℵ
can be tuned via J , and ℵ is asymmetric with respect to
J . Figure 5(b) shows the asymmetry ℵ as a function of
magnetization h of Ferromagnet’s. We see that in contrast
to Fig. 5(a), maximum in ℵ is different for different spin
flip probabilities. Further, ℵ is symmetric with respect to
h/EF . In Fig. 5(c) we show a density plot for asymmetry
in critical current (ℵ) as a function of exchange interaction
J of spin flipper and magnetization h of Ferromagnet’s.
We find maximum value of ℵ ' 0.16 with ℵ changing
sign from anti-ferromagnetic to ferromagnetic coupling.
Asymmetry of the critical current is also calculated in
Ref. [14] as a function of the spin orbit interaction and the
magnetization. But, in contrast to our case, ℵ is larger for
larger values of spin orbit interaction and magnetization.
Reasons for existence of Anomalous Josephson
effect. Explaining quantum spin flip scattering-
The extremely important role played by the spin flipper
entails a detailed analysis of this process. The Josephson
current flowing through either ferromagnetic layer (F1 or
F2) is spin-polarized in direction of magnetization of that
ferromagnetic layer. Subsequently when this spin polarized
Josephson current state, denoted by a macroscopic wave-
function ∼ |ΨSP |eiϕP ≈ (u 0 0 v)T eiϕP (where P = L or R,
i.e., Left or Right superconductor), interacts with the spin
flipper, there is finite probability for mutual spin-flip. This
of course is a probability not a certainty, since the interac-
tion of spin polarized Josephson current with spin-flipper is
quantum in nature, see Eq. (7) of supplementary material.
Thus, the combined state of spin polarized Josephson cur-
rent and spin-flipper after interaction is in a superposition
of mutual spin-flip as well as no flip state given by the
joint entangled wave-function of spin-polarized Josephson
p-4
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Fig. 4: (a) Phase difference ϕ0 as a function of exchange interaction (J) of spin flipper. (b) Phase difference ϕ0 as a function
of magnetization (h) of Ferromagnet’s. (c) Density plot of ϕ0 as a function of exchange interaction (J) of spin flipper and
magnetization (h) of Ferromagnet’s. Parameters are ∆0 = 1meV , T/Tc = 0.01, S = 1/2, m
′ = −1/2, h = 0.5EF (for (a)),
kF a = pi, θ = pi/2, Z = 0, J = 0.5 (for (b)).
f2=1 (S=1/2,m'=-1/2)
f2=2 (S=3/2,m'=-1/2)
f2=3 (S=5/2,m'=-1/2)
-3 -2 -1 1 2 3
J
-0.2
-0.1
0.1
0.2
ℵ
(a)
-1.0 -0.5 0.5 1.0
h/EF
0.05
0.10
0.15
ℵ
(b) (c)
Fig. 5: (a) Asymmetry of critical current as a function of exchange interaction (J) of spin flipper. (b) Asymmetry of critical
current as a function of magnetization (h) of Ferromagnet’s. (c) Asymmetry of the critical current as a function of exchange
interaction (J) of spin-flipper and magnetization (h) of Ferromagnet’s. Parameters are ∆0 = 1meV , T/Tc = 0.01, f2 = 1
(S = 1/2, m′ = −1/2) (for (c)), h = 0.5EF (for (a)), kF a = pi, θ = pi/2, Z = 0, J = 0.5 (for (b)).
current and spin-flipper as-
|s.c〉 ⊗ |φSm′〉 =
√
f2
2
|Mutual-Flip〉+
√
m′
2
|No flip〉 (5)
where Josephson current state |s.c〉 is spin polarized. Quan-
tum spin flip scattering plays an integral role in observing
anomalous Josephson effect as we discuss later. In absence
of spin flip scattering probability (f2 = 0), anomalous
Josephson current vanishes.
Explaining chiral symmetry breaking- All stan-
dard Josephson junctions have a certain symmetry, called
chiral symmetry. Due to this symmetry, at ϕ = 0 one
cannot distinguish between electron tunneling from left to
right superconductor and vice-versa. Thus, electron tun-
neling amplitude from left to right superconductor equals
that from right to left superconductor when there is no
phase difference between two superconductors (ϕ = 0).
Thus for our system, as in Fig. 1, when Ferromagnet’s
are aligned (θ = 0), t↑↑ee(ϕ = 0) |L→R= t↑↑ee(ϕ = 0) |L←R,
where t↑↑ee |L→R and t↑↑ee |L←R are the transmission am-
plitudes for electron tunneling from left to right super-
conductor and vice-versa. This implies chiral symmetry
is not broken and as a result, I(ϕ = 0) is strictly zero.
But, when Ferromagnet’s are misaligned (θ 6= 0), then
t↑↑ee(ϕ = 0) |L→R 6= t↑↑ee(ϕ = 0) |L←R, i.e., chiral symmetry
is broken.
Explaining time reversal symmetry breaking-
Hamiltonian matrix, in Eq. (1) is denoted as HBdG(ϕ),
such that HBdG(ϕ)ψ(x) = Eψ(x). When spin flip prob-
ability f2 = 0 or Ferromagnet’s are aligned θ = 0,
HBdG(ϕ) preserves time reversal symmetry (T ), thus
THBdG(ϕ)T
† = HBdG(−ϕ), which implies that if HBdG(ϕ)
possess an energy eigenvalue εl(ϕ), then HBdG(−ϕ) must
have the same energy eigenvalue. The Andreev bound
states then satisfy: εl(ϕ) = εl(−ϕ), and as a result for
Josephson current I(ϕ) = −I(−ϕ) and there is no anoma-
lous Josephson effect. In presence of spin flip scatter-
ing (f2 6= 0) and when Ferromagnet’s are misaligned
(θ 6= 0), time reversal symmetry is broken, as a result,
εl(ϕ) 6= εl(−ϕ), i.e., Andreev bound state symmetry is also
broken and thus Josephson current obeys I(−ϕ) 6= −I(ϕ),
which implies I(ϕ = 0) 6= 0. Thus, when both f2 6= 0
p-5
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Fig. 6: (a) Anomalous Josephson current as a function of mis-orientation angle (θ) between two Ferromagnets’ for different
values of temperature, (b) Asymmetry of the critical current for different values of temperature calculated as a function of
exchange interaction (J) of spin flipper, (c) Phase difference ϕ0 as a function of exchange interaction (J) of spin flipper for
different values of temperature. Parameters are ∆0 = 1meV , J = 1 (for (a)), h = 0.5EF (for (a), (b) and (c)), I0 = e∆0/~,
f2 = 1 (S = 1/2, m
′ = −1/2), Z = 0, kF a = pi, θ = pi/2 (for (b) and (c))
and θ 6= 0, i.e., both time reversal symmetry and chiral
symmetry are broken, an anomalous Josephson current
flows across the junction. In contrast, when f2 = 0 and
θ 6= 0, i.e., only chiral symmetry is broken, but time re-
versal symmetry is not broken then anomalous Josephson
current vanishes.
How different values of T/Tc affect anomalous
Josephson current?. In Fig. 6, we show the effect
of finite temperature on anomalous Josephson current,
anomalous phase and asymmetry of the critical current
in presence of scattering with f2 = 1, i.e., S = 1/2 and
m′ = −1/2, while J = 1 for transparent junction. In
Fig. 6(a) of our manuscript, we plot anomalous Josephson
current as a function of mis-orientation angle (θ) between
two ferromagnetic layers for different values of T/Tc. We
see that magnitude of anomalous current increases with
increasing T/Tc. Further, sign of anomalous Josephson
current does not change with T/Tc. In Fig. 6(b) we plot
asymmetry of the critical current ℵ as a function of ex-
change interaction J for different values of T/Tc. We see
that the maximum value of ℵ increases with increasing
temperature. In Fig. 6(c) we plot anomalous phase ϕ0 as a
function of exchange interaction J of spin flipper for differ-
ent values of T/Tc. We see that magnitude of anomalous
phase ϕ0 increases with increasing T/Tc although magni-
tude of the “quantized” steps in the anomalous phase ϕ0
remain unchanged, i.e., pi/100 radians regardless of T/Tc,
meaning the quantization of steps at the value pi/100 ra-
dians is independent of T/Tc. Further this quantization
at pi/100 radians is independent of J , Z, h, θ, S, m′ and
kFa suggesting this is an universal feature in our device.
Experimental realization and Conclusions. --
The set-up as envisaged in Fig. 1 can be realized in a exper-
imental lab. Superconductor-Ferromagnet-Ferromagnet-
Superconductor (S-F-F-S) Josephson junctions have been
designed experimentally for quite some time now [43]. Em-
bedding a S-F-F-S junction with a magnetic adatom or
spin-flipper at the interface between two ferromagnets
shouldn’t be difficult, especially with an s-wave super-
conductor like Aluminum or Lead it should be perfectly
possible. In Ref. [44], local electronic properties of the
surface of a superconductor are studied experimentally in
the vicinity of a magnetic adatom with a scanning tun-
neling microscope (STM). Further, in Ref. [45], iron (Fe)
chains are doped on the superconducting Pb surface and
the subgap spectra is examined using scanning tunneling
microscope. In Table 1 we discuss the different properties
like time reversal symmetry, chiral symmetry, anomalous
Josephson current and Josephson current for three distinct
cases: (a) finite spin flip scattering but Ferromagnets are
aligned, i.e., f2 6= 0 but θ = 0, (b) no spin flip scattering
but Ferromagnets are misaligned, i.e., f2 = 0 but θ 6= 0
and (c) when spin flip scattering is finite and Ferromag-
nets are misaligned, i.e., f2 6= 0 and θ 6= 0. We see that
when f2 6= 0 and θ = 0, both time reversal symmetry
and chiral symmetry are preserved, as a result anomalous
Josephson current vanishes and Josephson current satis-
fies the relation I(ϕ) = −I(−ϕ). For f2 = 0 and θ 6= 0,
chiral symmetry is broken but time reversal symmetry is
preserved, as a result again anomalous Josephson current
is zero and Josephson current follows I(ϕ) = −I(−ϕ).
In contrast, when f2 6= 0 and θ 6= 0, both time reversal
symmetry and chiral symmetry are broken, as a result
anomalous Josephson current flows through the junction
and Josephson current obeys I(ϕ) 6= −I(−ϕ). To con-
clude, we have studied anomalous Josephson effect and the
direction dependent critical current in S-F1-spin flipper-
F2-S junction where F1, F2 are the two ferromagnetic
layers with misaligned magnetization. In absence of spin
flip scattering, Andreev bound states are time reversal
symmetric, i.e., εl(ϕ) = εl(−ϕ). As a result, Josephson
current is sinusoidal with I(ϕ) = −I(−ϕ) and there is
no anomalous Josephson supercurrent at ϕ = 0. But in
presence of spin flip scattering, anomalous Josephson effect
is seen. Andreev bound states break time reversal symme-
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try, i.e., εl(ϕ) 6= εl(−ϕ) as well as chiral symmetry, as a
result, Josephson current breaks phase inversion symmetry
I(ϕ) 6= −I(−ϕ), and an anomalous Josephson current can
flow at phase difference ϕ = 0. Further, our system acts
as a phase battery which can store quantized amounts of
anomalous phase ϕ0 in the ground state of the junction.
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Supplementary Material. -- In this supplemen-
tary material, we first outline a brief sketch of our set-up
and give a theoretical background to our study by writing
Hamiltonian, wavefunctions and boundary conditions to
calculate anomalous Josephson current and anomalous
phase. In Appendix section we also provide explicit form
of expression of anomalous Josephson current and show
that for no flip case or absence of spin-flipper or when
magnetizations of Ferromagnet’s are aligned, anomalous
Josephson current vanishes.
Hamiltonian, Wavefunctions and boundary
conditions in the Ferromagnetic Josephson
junction in presence of a spin flipper. --
Hamiltonian. We consider a system which consists
of two Ferromagnet’s (F1 and F2) with a spin-flipper,
embedded between two s-wave singlet superconductors.
Our set-up is depicted in Fig. 7, it shows a spin-flipper at
x = 0 and two superconductors- one to left x < −a/2 and
another at right x > a/2. There are two Ferromagnet’s
in between at −a/2 < x < 0 and 0 < x < a/2. The
magnetization vectors of the two Ferromagnet’s make an
angle θ with each other. We take the superconducting gap
of the form ∆ = ∆0(T )[e
iϕLΘ(−x−a/2)+eiϕRΘ(x−a/2)],
where ∆0(T ) is temperature dependent and it follows
that ∆0(T ) = ∆0 tanh(1.74
√
(Tc/T − 1)), where Tc is the
superconducting critical temperature [1], ϕL and ϕR being
superconducting phases for left and right superconductors
respectively.
p-7
Subhajit Pal1 and Colin Benjamin1
Table 1: Effect of breaking chiral and/or time reversal symmetry on anomalous Josephson current (spin flip probability is f2;
misorientation angle=θ
Parameters→
Properties↓
f2 6= 0, θ = 0 f2 = 0, θ 6= 0 f2 6= 0 and θ 6= 0
Time reversal symmetry Preserved, εl(ϕ) = εl(−ϕ) Preserved, εl(ϕ) = εl(−ϕ) Broken, εl(ϕ) 6= εl(−ϕ)
Chiral symmetry Preserved, Broken, Broken,
t↑↑ee (ϕ = 0) |L→R= t↑↑ee (ϕ = 0) |L←R t↑↑ee (ϕ = 0) |L→R 6= t↑↑ee (ϕ = 0) |L←R t↑↑ee (ϕ = 0) |L→R 6= t↑↑ee (ϕ = 0) |L←R
Anomalous Josephson
current
Zero Zero Finite
Josephson current I(−ϕ) = −I(ϕ) I(−ϕ) = −I(ϕ) I(−ϕ) 6= −I(ϕ)
x = -a/2                               x = 0                                   x = a/2
  
                                                                                                                                                                                                                                                                                                                                                   
                                                                                                                         
                                                                                                                                                                                                                                                                                                                         
Δ0(T )e
iφ L Δ0(T )e
iφ R
θ
h
h
Superconductor(SL)         Ferromagnet(F1)                             Ferromagnet(F2)                Superconductor(SR)    
x
z
S
                                                                                                                 V V
y
Fig. 7: Josephson junction with two Ferromagnet’s and a spin-
flipper (spin S, magnetic moment m′) at x = 0 sandwiched
between two s-wave superconductors.
The Hamiltonian in Bogoliubov-de Gennes formalism for
our system is [2]-(
HIˆ i∆σˆy
−i∆∗σˆy −H∗Iˆ
)
ψ(x) = Eψ(x), (6)
with H = p2/2m?+V [δ(x+a/2)+δ(x−a/2)]−J0δ(x)~s.~S−
~h.σˆ[Θ(x + a/2) + Θ(a/2 − x)] − EF , with p2/2m? being
the kinetic energy of electron with mass m?, V denotes
the strength of δ potentials at the interfaces between Fer-
romagnet’s and Superconductor, J0 denotes strength of
exchange coupling between electron/hole with spin ~s and
spin-flipper [3] with spin ~S. ψ(x) defines a four-component
spinor, while EF is the Fermi energy, σˆ’s are Pauli spin
matrices and Iˆ is 2 × 2 identity matrix. The magnetiza-
tion vector (~h) of left ferromagnetic layer (F1) is at an
angle θ with z axis in the y − z plane, while that of right
ferromagnetic layer (F2) is fixed along the z axis. Thus,
~h.σˆ = h sin θσˆy + h cos θσˆz [4].
Wave-functions. If a spin up electron is incident
at the x = −a/2 interface from left superconductor. Then
wave function in the left superconductor (SL) is given by
[2]-
ψSL(x) =

u
0
0
v
 eik+xφSm′ + r↑↑ee

u
0
0
v
 e−ik+xφSm′ + r↑↓ee

0
u
−v
0

e−ik+xφSm′+1 + r
↑↑
eh

0
−v
u
0
 eik−xφSm′+1 + r↑↓eh

v
0
0
u

eik−xφSm′ ,
(7)
where r↑↑ee , r
↑↓
ee , r
↑↑
eh, r
↑↓
eh are the amplitudes for normal reflec-
tion without flip, normal reflection with spin flip, Andreev
reflection with spin flip and Andreev reflection without
flip respectively. The corresponding wave function in the
right superconductor (SR) is given by-
ψSR(x) = t
↑↑
ee

ueiϕ
0
0
v
 eik+xφSm′ + t↑↓ee

0
ueiϕ
−v
0
 eik+xφSm′+1
+ t↑↑eh

0
−veiϕ
u
0
 e−ik−xφSm′+1 + t↑↓eh

veiϕ
0
0
u

e−ik−xφSm′ ,
(8)
where t↑↑ee , t
↑↓
ee , t
↑↑
eh, t
↑↓
eh are the transmission amplitudes, cor-
responding to the reflection process described above. ϕ =
ϕR−ϕL represents the phase difference between right and
left superconductors. φSm′ is the eigen-spinor of the spin-
flipper, with its Sz operator acting as- Szφ
S
m′ = m
′φSm′ ,
with m′ being the spin magnetic moment in z− direc-
tion for the spin flipper. u =
√√√√ 1
2
(
1 +
√
E2−|∆|2
E
)
and
v =
√√√√ 1
2
(
1−
√
E2−|∆|2
E
)
are the BCS coherence factors.
k± =
√
2m?
~2 (EF ±
√
E2 − |∆|2) is the wave-vector for
electron-like quasi-particle (k+) and hole-like quasi-particle
(k−) in the left and right superconducting wave-functions,
ψSL and ψSR respectively.
The wave-function in the left Ferromagnet (F1) is given
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by-
ψF1(x) = (ee
iq+↑ (x+a/2) + fe
−iq+↑ x)

cos θ
2
i sin θ
2
0
0
φSm′+
(e′eiq
+
↓ (x+a/2) + f ′e−iq
+
↓ x)

i sin θ
2
cos θ
2
0
0
φSm′+1+
(e0e
−iq−↑ (x+a/2) + f0e
iq−↑ x)

0
0
cos θ
2
−i sin θ
2
φSm′+1+
(e′0e
−iq−↓ (x+a/2) + f ′0e
iq−↓ x)

0
0
−i sin θ
2
cos θ
2
φSm′ .
(9)
Similarly the wave-function in the right Ferromagnet (F2)
is given by-
ψF2(x) = (a0e
iq+↑ x + be
−iq+↑ (x−a/2))

1
0
0
0
φSm′ + (a′eiq+↓ x+
b′e−iq
+
↓ (x−a/2))

0
1
0
0
φSm′+1 + (ce−iq−↑ x + d
e
iq−↑ (x−a/2))

0
0
1
0
φSm′+1 + (c′e−iq−↓ x + d′
e
iq−↓ (x−a/2))

0
0
0
1
φSm′ ,
(10)
and q±σ =
√
2m?
~2 (EF + ρσh± E) is the wave-vector for
electron (q+σ ) and hole (q
−
σ ) in the Ferromagnet, with
ρσ = +1(−1) when- σ =↑ (↓). In our work we have used
the Andreev approximation: k+ = k− =
√
2m?EF
~2 = kF
and q↑,↓ = kF
√
1± h
EF
, where kF is the Fermi wave-
vector, with EF >> |∆|, E.
Boundary conditions. The boundary conditions
at x = −a/2 is- ψSL(x) = ψF1(x) (continuity of wave-
functions) and,
dψF1
dx
− dψSL
dx
= 2m
?V
~2 ψF1 (discontinuity
in first derivative), and at x = 0 similarly is [5]- ψF1(x) =
ψF2(x) and
dψF2
dx
− dψF1
dx
= − 2m?J0~s.~S~2 ψF1 where ~s.~S =
szSz+
1
2
(s−S+ +s+S−), s± = sx±isy and S± = Sx±iSy,
with sk =
~
2
σk, k = x, y, z are the exchange operator
due to spin flipper in the Hamiltonian, the spin raising
and lowering operators for electron/hole and spin flipper
respectively with-
~s.~S

1
0
0
0
φSm′ = m′2

1
0
0
0
φSm′ + f22

0
1
0
0
φSm′+1, and
(11)
~s.~S

0
1
0
0
φSm′+1 = − (m′ + 1)2

0
1
0
0
φSm′+1 + f22

1
0
0
0
φSm′ .
(12)
Here, ~s represents spin operator acting on electron/hole
states, while ~S represents the spin operator acting on
spin flipper states and f2 =
√
(S −m′)(S +m′ + 1) is the
spin-flip probability [6] for spin flipper.
On the other hand when there is no spin-flip scattering,
i.e., if S = m′, then spin flip probability of spin flipper:
f2 =
√
(S −m′)(S +m′ + 1) = 0.
Thus, for no-flip process: ~s.~S

1
0
0
0
φSm′ = m′2

1
0
0
0
φSm′ .
(13)
The Hamiltonian therefore for no-flip process then is- H0 =
p2/2m?+V [δ(x+a/2)+δ(x−a/2)]−J0δ(x)szSz−~h.σˆ[Θ(x+
a/2) + Θ(a/2− x)]− EF , while flip Hamiltonian for spin
flip process is- H0 = p
2/2m?+V [δ(x+a/2)+δ(x−a/2)]−
J0δ(x)~s.~S − ~h.σˆ[Θ(x+ a/2) + Θ(a/2− x)]− EF .
Finally, at x = a/2, the boundary conditions are- ψF2(x) =
ψSR(x),
dψSR
dx
− dψF2
dx
= 2m
?V
~2 ψF2 . We use the dimension-
less parameters J = m
?J0
~2kF
as a measure of strength of
exchange interaction and Z = m
?V
~2kF
as a measure of inter-
face transparency [7].
Josephson current. To calculate bound state
contribution to Josephson current we follow the pro-
cedure established in Ref. [1]. We neglect the contri-
bution from incoming quasi-particle, i.e., first term(
u 0 0 v
)T
eik+xφSm′ of Eq. (7) and insert the wave-
functions into boundary conditions defined in section I. C.,
we get a homogeneous system of linear equations for the
scattering amplitudes,
Rx = 0, (14)
where x is a 8 × 1 column vector, given by x =(
r↑↑ee r
↑↓
ee r
↑↑
eh r
↑↓
eh t
↑↑
ee t
↑↓
ee t
↑↑
eh t
↑↓
eh
)T
, R is a 8×8
matrix obtained by eliminating the scattering amplitudes
for the two Ferromagnet’s via the scattering amplitudes of
the left and right superconductor. For a nontrivial solution
of this system, the determinant of R = 0. Thus, we get the
Andreev bound state energy spectrum Ei, i = {1, ..., 8}
[8]. We find that the Andreev energy bound states Ei(i =
1, ..., 8) can be written as ε±l = ±εl(l = 1, ..., 4). From
Andreev bound state energies we get Free energy of our
system, given as- [1]
F = − 1
β
ln
[∏
i
(1 + e−βEi)
]
= − 2
β
4∑
l=1
ln
[
2 cosh
(βεl
2
)]
(15)
p-9
Subhajit Pal1 and Colin Benjamin1
We consider only the short junction limit, such that the
total Josephson current can be determined by considering
the bound state contribution only. The Josephson current
at finite temperature is defined as the derivative of the
Free energy F of our system with respect to the phase
difference ϕ between left and right superconductors [9],
I =
2e
~
∂F
∂ϕ
= −2e
~
4∑
l=1
tanh
(βεl
2
)∂εl
∂ϕ
, (16)
herein e is the charge of electron. Eq. 16 is the main
working formula of our paper. Using Eq. 16 we can cal-
culate the anomalous Josephson current, which is given
as- Ian = I(ϕ = 0). In case interfaces are completely
transparent, i.e., Z = 0, we have-
Ian =
2e∆20(T )
~
(
tanh
(βA1
2
)
A′1 + tanh
(βA2
2
)
A′2
+ tanh
(βA3
2
)
A′3 + tanh
(βA4
2
)
A′4
) (17)
wherein A1, A2, A3, A4, A
′
1, A
′
2, A
′
3 and A
′
4 are large
expressions that depend on exchange interaction (J), mag-
netization of the Ferromagnet’s, spin (S) and magnetic
moment (m′) of spin-flipper, phase (kF a) accumulated
in Ferromagnet’s and spin-flip probability of spin-flipper
(f2). The explicit forms for Ak’s and A
′
k’s (k = 1, 2, 3, 4)
are given in Appendix. In Appendix we show that for no
flip (f2 = 0) or absence of spin-flipper (J = 0) or θ = 0
(magnetizations of Ferromagnet’s are aligned), anomalous
Josephson current vanishes.
For ϕ0 Josephson junction the ground state of the junction
is at ϕ = ϕ0 (6= 0 or pi). At ϕ = ϕ0, the free energy of
the junction is a minimum. By determining this minimum
value of the free energy, one can calculate the anomalous
phase ϕ0 numerically.
In Fig. 8 we plot absolute value of the anomalous Joseph-
son currents as function of the mis-orientation angle θ for
same values as in Fig. 3(d) of our main article. We see
that the anomalous current regardless of flip probability
is symmetric about y−axis but asymmetric with respect
to z−axis.
0
45 °
90 °
135 °
180 °
225 °
270 °
315 °
0.
0.05
0.1
0.15
0.2
0.25
y
z
Ian
I0
θ
Fig. 8: Absolute
value of anomalous
Josephson current
as function of the
mis-orientation angle
(θ) between two
Ferromagnet’s for
different values of
spin and magnetic
moment of the spin
flipper. Parameters
are ∆0 = 1meV ,
I0 = e∆0/~,
T/Tc = 0.01, J = 1,
h = 0.5EF , kF a = pi,
ϕ = 0, Z = 0.
In Fig. 9(a) we plot Free energy as a function of exchange
interaction J and phase difference ϕ. When J 6= 0, for
each particular value of J , the minimum Free energy is at
(a) (b)
Fig. 9: (a) Free energy as a function of exchange interaction
J of spin flipper and phase difference ϕ across two supercon-
ductors. (b) Free energy as a function of magnetization h of
the Ferromagnet’s and phase difference ϕ across two supercon-
ductors. Parameters are ∆0 = 1meV , T/Tc = 0.01, S = 1/2,
m′ = −1/2, h = 0.5EF (for (a)), kF a = pi, θ = pi/2, Z = 0,
J = 0.5 (for (b)).
ϕ = ϕ0(6= 0,±pi) and a ϕ0-Josephson junction is realized
[10--12]. Thus, for each particular value of J , we get the
anomalous phase ϕ0 numerically, where the Free energy
of the junction becomes minimum. In Fig. 9(b) we plot
Free energy as a function of magnetization h and phase
difference ϕ. When h 6= 0, for each particular value of h,
the minimum Free energy is at ϕ = ϕ0( 6= 0,±pi). Thus,
again for each value of h, we get an anomalous phase ϕ0
numerically, where Free energy of the junction is minimum.
This procedure of calculating ϕ0 is well known and is also
done in Refs. [ [13], [14]].
Appendix: Explicit form of anomalous
Josephson current. -- The explicit form of A1, A2,
A3, A4, A
′
1, A
′
2, A
′
3, A
′
4 in Eq. 17 is
A1(2) = ∆0(T )
√√√√K − 1
2
√
L+M ± 1
2
√
2L−M − 2N√
L+M
,
A
′
1(2) = −
1
2A1(2)
(
−K′ − L
′ +M ′
4
√
L+M
±
2L′ −M ′ + N(L′+M′)
(L+M)3/2
− 2N′
(L+M)
4
√
2L−M − 2N√
L+M
)
,
A3(4) = ∆0(T )
√√√√K + 1
2
√
L+M ± 1
2
√
2L−M + 2N√
L+M
,
and A
′
3(4) = −
1
2A3(4)
(
−K′ + L
′ +M ′
4
√
L+M
±
2L′ −M ′ − N(L′+M′)
(L+M)3/2
+ 2N
′
(L+M)
4
√
2L−M + 2N√
L+M
)
,
where
L = 4T
2
1 −
2
3
T2,
M =
21/3X1
3(X2 +
√
X22 − 4X31 )
+
(X2 +
√
X22 − 4X31 )1/3
21/33
,
N = 8T
3
1 − 2T1T2 + T3,
K = T1,
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L
′
= − 8T1U1 −
2
3
U2,
M
′
=
21/3X′1
3(X2 +
√
X22 − 4X31 )1/3
− 2
1/3X1Y
9(X2 +
√
X22 − 4X31 )4/3
,
N
′
= − 192T 21U1 + 16T2U1 − 16T1U2 + 8U3,
K
′
= U1,
where
X1 = T
2
2 − 12T1T3 − 12T4,
X2 = 2T
3
2 − 36T1T2T3 − 432T 21 T4 + 27T 23 + 72T2T4,
X
′
1 = 2T2U2 + 12T3U1 − 12T1U3,
Y = Y
′
+
X2Y
′ − 6X21X′1√
X22 − 4X31
,
Y
′
= 6T
2
2U2 − 36T1T3U2 + 36T2T3U1 + 864T1T4U1 + 54T3U3
+ 72T4U2,
T1 =
(
P1(S,m
′
, f2, h, J, kF a) + P2(S,m
′
, f2, h, J, kF a) cos(θ)+
P3(S,m
′
, f2, h, J, kF a) cos(2θ) + P4(S,m
′
, f2, h, J, kF a) cos(3θ)
+ P5(S,m
′
, f2, h, J, kF a) cos(4θ)
)
/
(
Q1(S,m
′
, f2, h, J, kF a)+
Q2(S,m
′
, f2, h, J, kF a) cos(θ) +Q3(S,m
′
, f2, h, J, kF a) cos(2θ)
+Q4(S,m
′
, f2, h, J, kF a) cos(3θ) +Q5(S,m
′
, f2, h, J, kF a)
cos(4θ)
)
,
T2 =
(
P6(S,m
′
, f2, h, J, kF a) + P7(S,m
′
, f2, h, J, kF a) cos(θ)+
P8(S,m
′
, f2, h, J, kF a) cos(2θ) + P9(S,m
′
, f2, h, J, kF a) cos(3θ)
+ P10(S,m
′
, f2, h, J, kF a) cos(4θ)
)
/
(
Q1(S,m
′
, f2, h, J, kF a)+
Q2(S,m
′
, f2, h, J, kF a) cos(θ) +Q3(S,m
′
, f2, h, J, kF a) cos(2θ)
+Q4(S,m
′
, f2, h, J, kF a) cos(3θ) +Q5(S,m
′
, f2, h, J, kF a)
cos(4θ)
)
,
T3 =
(
P11(S,m
′
, f2, h, J, kF a) + P12(S,m
′
, f2, h, J, kF a) cos(θ)+
P13(S,m
′
, f2, h, J, kF a) cos(2θ) + P14(S,m
′
, f2, h, J, kF a)
cos(3θ) + P15(S,m
′
, f2, h, J, kF a) cos(4θ)
)
/(
Q1(S,m
′
, f2, h, J, kF a) +Q2(S,m
′
, f2, h, J, kF a) cos(θ)+
Q3(S,m
′
, f2, h, J, kF a) cos(2θ) +Q4(S,m
′
, f2, h, J, kF a) cos(3θ)
+Q5(S,m
′
, f2, h, J, kF a) cos(4θ)
)
,
T4 =
(
P16(S,m
′
, f2, h, J, kF a) + P17(S,m
′
, f2, h, J, kF a) cos(θ)+
P18(S,m
′
, f2, h, J, kF a) cos(2θ) + P19(S,m
′
, f2, h, J, kF a)
cos(3θ) + P20(S,m
′
, f2, h, J, kF a) cos(4θ)
)
/(
Q1(S,m
′
, f2, h, J, kF a) +Q2(S,m
′
, f2, h, J, kF a) cos(θ)+
Q3(S,m
′
, f2, h, J, kF a) cos(2θ) +Q4(S,m
′
, f2, h, J, kF a) cos(3θ)
+Q5(S,m
′
, f2, h, J, kF a) cos(4θ)
)
,
U1 =
(
Jf2 sin(θ)
(
P21(S,m
′
, f2, h, J, kF a) + P22(S,m
′
, f2, h, J, kF a)
cos(θ) + P23(S,m
′
, f2, h, J, kF a) cos(2θ)
))
/(
Q6(S,m
′
, f2, h, J, kF a) +Q7(S,m
′
, f2, h, J, kF a) cos(θ)+
Q8(S,m
′
, f2, h, J, kF a) cos(2θ) +Q9(S,m
′
, f2, h, J, kF a) cos(3θ)
+Q10(S,m
′
, f2, h, J, kF a) cos(4θ)
)
,
U2 =
(
Jf2 sin(θ)
(
P24(S,m
′
, f2, h, J, kF a) + P25(S,m
′
, f2, h, J, kF a)
cos(θ) + P26(S,m
′
, f2, h, J, kF a) cos(2θ)
))
/(
Q1(S,m
′
, f2, h, J, kF a) +Q2(S,m
′
, f2, h, J, kF a) cos(θ)+
Q3(S,m
′
, f2, h, J, kF a) cos(2θ) +Q4(S,m
′
, f2, h, J, kF a) cos(3θ)
+Q5(S,m
′
, f2, h, J, kF a) cos(4θ)
)
,
U3 =
(
Jf2 sin(θ)
(
P27(S,m
′
, f2, h, J, kF a) + P28(S,m
′
, f2, h, J, kF a)
cos(θ) + P29(S,m
′
, f2, h, J, kF a) cos(2θ)
))
/(
Q1(S,m
′
, f2, h, J, kF a) +Q2(S,m
′
, f2, h, J, kF a) + cos(θ)
Q3(S,m
′
, f2, h, J, kF a) cos(2θ) +Q4(S,m
′
, f2, h, J, kF a) cos(3θ)
+Q5(S,m
′
, f2, h, J, kF a) cos(4θ)
)
Here, Pi (i = 1, 2...29) and Qi (i = 1, 2, ...10) are func-
tions of all parameters like exchange interaction (J), mag-
netization of the Ferromagnets (h), spin (S) and magnetic
moment (m′) of spin flipper, phase (kF a) accumulated
in ferromagnetic region and spin flip probability of spin
flipper (f2). Since these are large expressions we do not
explicitly write them here. From the above expressions
for no flip (f2 = 0) or absence of spin flipper (J = 0) or
θ = 0 (magnetizations of the Ferromagnets are aligned),
U1, U2, U3 and also L
′, M ′, N ′ and K′ vanish. Thus, from
Eq. 17, A′1(2) = 0 and A
′
3(4) = 0, implying for no flip case
or absence of spin flipper or θ = 0 anomalous Josephson
current vanishes (Ian = 0).
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